Abstract-In this paper, we derive a strengthened MILP formulation for certain gas turbine unit commitment problems, in which the ramping rates are no smaller than the minimum generation amounts. This type of gas turbines can usually start-up faster and have a larger ramping rate, as compared to the traditional coalfired power plants. Recently, the number of this type of gas turbines increases significantly due to affordable gas prices and their scheduling flexibilities to accommodate intermittent renewable energy generation. In this study, several new families of strong valid inequalities are developed to help reduce the computational time to solve these types of problems. Meanwhile, the validity and facetdefining proofs are provided for certain inequalities. Finally, numerical experiments on a modified IEEE 118-bus system and the power system data based on recent studies verify the effectiveness of applying our formulation to model and solve this type of gas turbine unit commitment problems, including reducing the computational time to obtain an optimal solution or obtaining a much smaller optimality gap, as compared to the default CPLEX, when the time limit is reached with no optimal solutions obtained.
Maximal power output if generator is on.
Load at bus at time .
Amount of spinning reserve required for the whole power system at time .
C. Decision Variables
Binary variable to indicate if generator is on or off at time . Binary variable to indicate if generator starts up at time . Binary variable to indicate if generator shuts down at time . Amount of electricity generated by generator at time .
I. INTRODUCTION

W
ITH the recent increment of renewable generation, there is a need for the current power system to have more gas turbines to accommodate the intermittent renewable energy output. Meanwhile, with the newly proposed EPA rule on carbon pollution emission guidelines [1] and the retirement of coal-fired units, we will expect more gas turbines in the system. Gas turbines usually have a larger ramping rate, as compared to the traditional coal-fired units. A gas turbine has the capacity to start up quickly, e.g., less than one hour, and its ramp capabilities when it goes from offline (online) to online (offline) are the same as the ramp capabilities when the unit is operating in its stable production range. This type of gas turbine units can be scheduled in a generation company (GENCO) to generate bidding strategy [2] , [3] . They can also be scheduled to coordinate with hydro units in a medium term [4] or with wind generators [5] . What is more, they can be placed in the coordination between long-term and short-term generation scheduling [6] . For a significant portion of gas turbines, the hourly ramping rates are larger than their minimum generation 0885-8950 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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amounts. For instance, in a utility company 1 in the US, there are 53 units satisfying this condition, among total 66 units. Here are two examples for the generators in the company: 1) Minimum and maximum generation levels are 5 MW and 55 MW with the ramping rate to be 24 MW/h, and 2) Minimum and maximum generation levels are 65 MW and 167 MW with the ramping rate to be 90 MW/h. In this paper, we derive strengthened mixed-integer-linear programming (MILP) formulations for this type of gas turbine unit commitment problems. Recently, MILP arises as a promising approach to formulate and solve the unit commitment (UC) problem. Being able to provide a provable optimal solution, the MILP approach has been widely adopted by the independent system operators (ISO) in US [7] . From the research side, the earliest attempt in developing the MILP UC formulation dates back to 1960s [8] and is followed by extensive studies until recently. For instance, in [9] , an exact and computationally efficient MILP approach is proposed to study the self-scheduling unit commitment problem. In [10] , an MILP formulation is proposed to study the UC problem considering start-up and shut-down power trajectories. In [11] , fast security-constrained UC problem is also solved as an MILP for large-scale power systems.
As indicated in [7] , building a strong formulation can help improve the quality of the MILP solutions. Improving the formulation itself will reduce the solution searching time and narrow the feasible region when solving the LP relaxation. What's more, better formulation will guide the MILP relaxation solution to approach an integer feasible solution. Several researchers have laid a foundation on tightening the MILP UC formulation. In [12] , a computationally efficient MILP formulation with a single type of binary variables is put forward for the thermal UC problem. More recently, a tighter MILP formulation is proposed in [13] to approximate the quadratic cost function based on a class of valid inequalities called "perspective cuts". In [14] , a new class of valid inequalities taking three types of binary variables into account are given to describe a tighter feasible region of the operating schedules. Moving forward, tight and compact MILP UC formulations are provided in [15] and [16] , while the former incorporates the start-up and shut-down power trajectories of thermal units.
Nonetheless, more substantial research on generating strong valid inequalities are desired to help solve large scale and hence computationally difficult UC problems. This approach, as stated in [12] , can mitigate the computation burden through decreasing the number of branching nodes in the search tree of the branch-and-cut algorithm. This can be divided into two categories. The first category can be described as developing efficient cutting planes and strong formulations for the most general unit commitment formulations, usually for coal-fired generators, in which there are start-up ramping and stable-stage ramping constraints. These include the recent works in [14] and [16] . The second category can be described as developing strong formulations customized for different types of generators. Different types of generators can be described by different constraints. For instance, the physical constraints, in particular ramping constraints, for the gas turbines and coal-fired turbines are different. Therefore, it is not necessary to have a uniform unit commitment formulation for all types of generators. For certain types of gas turbines, such as the ones described in this 1 The company name could not be listed here due to confidentiality.
paper, the ramping constraints can be simpler, which could lead to an even more efficient formulation. In general, it could be more efficient to customize the mathematical formulations for the unit commitment problems based on the types of generators to be formulated, which is also the nature for the research on mixed-integer-programming. That is, different characteristics of a problem lead to different formulations, which lead to different computational performances. In this study, we follow the second category and derive efficient cutting planes for certain popular gas turbines in the current power system, which will be even popular in the near future. Due to the special problem structure, the derived inequalities are very effective to help reduce the computational time to obtain an optimal solution or obtain a smaller optimality gap, as compared to other formulations. Our new derived inequalities consider the power generation upper/lower limits, ramping rates, minimum up/down time limits, and start-up restrictions all together. The main contributions of this paper are three-fold:
1) We develop a strong formulation for certain popular gas turbines for which the ramping rate is larger than the minimum generation amount. We develop several families of strong valid inequalities incorporating two types of binary variables to strengthen the MILP formulation. We show that the inequalities are valid and facet-defining for the polytope describing the whole problem.
2) The proposed valid and facet-defining inequalities can also be applied to tighten other UC formulations with similar ramping restrictions, e.g., stochastic UC problems (e.g., [3] ) and aggregated UC problems, under either centralized or deregulated markets. 3) Computational experiment results indicate that our proposed approach performs better than the commercial optimization solver such as CPLEX for different data sets. The remaining part of this paper is organized as follows. In Section II, the mathematical formulation for the specific type of gas turbine UC problem is first introduced. Then, for the given formulation, we develop and analyze several families of strong valid inequalities in Section III. Afterwards, the computational experiment results are reported in Section IV to verify the effectiveness of the proposed strong formulation. Finally, we conclude our research in Section V.
II. MATHEMATICAL FORMULATION
Before describing strong valid inequalities, we first describe the mathematical formulation for the fast-start gas turbine unit commitment problem as follows:
where the objective is to minimize the total cost, including start-up cost, shut-down cost, and the fuel cost that is represented by , which typically is a nondecreasing quadratic function, i.e.,
. Constraints (2) [resp. (3)] describe the minimum up (resp. minimum down) time restrictions [17] , while the start-up (resp. shut-down) operations are described by constraints (4) [resp. (5)]. Constraints (6) provide the generation upper and lower limits for generator if it is on at time . Constraints (7) [resp. (8)] limit the maximum generation increment (resp. decrement) between two consecutive time periods. By the definition of the gas turbine unit commitment problem in Section I, we have and accordingly constraints (7) and (8) can define the ramping restrictions. Constraints (9) enforce the power flow balance. Constraints (10) describe the system reserve requirements. Constraints (11) describe the transmission capacity limit restrictions. Note here that the fuel cost function can be approximated by a piecewise linear function [12] . With this approximation, the formulation above can be reformulated as an MILP formulation, which will be exploited in the following part and numerical experiments.
Before closing this section, we notice that variables can be removed by substituting with in the objective function and accordingly removing constraints (5). In addition, since demand varies significantly for each bus without a universal pattern and the constraints including demand, i.e., (9)-(11), do not contain binary variables, we do not take into account these constraints when generating strong valid inequalities. In short, we aim to find the strong valid inequalities of the following polytope for each generator . Without loss of generality, we omit the superscript in our formulation. The final polytope is described as follows:
III. STRONG VALID INEQUALITIES
Through studying the structure of in Section II, several families of valid inequalities used to strengthen are illustrated in length in this section.
A. One-Degree Inequalities
The generation amount (e.g., ) at each time period (e.g., ) can be bounded tighter from above considering generation upper/lower bounds, ramp rate limits, and minimum up/down time restrictions simultaneously. We call these constraints with one continuous variable (e.g., ) as one-degree inequalities.
Proposition 1: For , the inequality (13) is valid for . Furthermore, it is facet-defining for when and . Proof: (Validity) We discuss the following two cases based on different values of .
1) If , we have due to constraints (6) and due to constraints (2) . Hence for all since and therefore (13) holds.
2) If
, we have due to constraints (2) and thus at most one of equals to 1 for since .
• If none of equals to 1 for , inequality (13) converts to constraints (6).
• If one of equals to 1 for , i.e., the generator starts up at , then it will keep on at because , which implies and thus (13) converts to , which is valid because of constraints (7). (Facet-defining) We generate affinely independent points in that satisfy (13) , and are linearly independent because they construct a lower-diagonal matrix. Moreover, are also linearly independent with them because all of them can construct a whole lower-diagonal matrix after Gaussian elimination between and since . Therefore the statement is proved. The intuition for inequality (13) is that for each , the generator can start up at most once between time and time for . Furthermore, if the generator starts up at , i.e., , the inequality gives , which is valid due to ramp-up constraints (7) and tighter than the general capacity constraint when . We can similarly obtain other inequalities in similar forms [see inequalities (14) , (15) , and (16)]. We assume and . In the following, we describe these inequalities with the validity and facet-defining proofs omitted since they can be provided in the similar way with that for Proposition 1.
For , the inequality (14) is valid for . Furthermore, it is facet-defining for for all when and . For , the inequality (15) is valid for . Furthermore, it is facetdefining for for all when and . For , the inequality (16) is valid for . Furthermore, it is facet-defining for for all when and . For the above inequalities, the intuition of (14) 
, which is valid due to ramp-up constraints (7); if the generator starts up before and shuts down at , (14) gives , which is valid due to ramp-down constraints (8) .
The intuition of (15) is similar to that of (14) and the intuition of (16) is similar to that of (13).
B. Two-Degree Inequalities
Now we extend the study to derive inequalities [see inequalities (17) , (18) (17) and (18), inequality (19) considers additionally the effect of the third time period besides and . To keep its validity, the restriction on minimum up time, i.e., , is required. In addition, inequality (20) extends inequality (18) by considering consecutive time periods. Similarly, inequality (21) extends the tightened ramp-down inequality (17) .
Note here that, among the five two-degree inequalities [i.e., inequalities (17)- (21)], inequality (17) is the same as inequalities (20) and (21) in [14] , if (5) is applied to replace the shutdown decision variable and ramp rate is stable. In this paper we provide a more general condition for inequality (17) to be facet-defining for for the whole operational horizon. In addition, if is restricted in inequality (18) , this inequality will be the same as inequality (4) and inequality (21) with in [18] if ramp rate is stable.
C. Three-Degree Inequalities
We continue to strengthen the polytope by deriving inequalities [see inequalities (22) , which is valid since and due to constraints (7) and . This proof also implies that inequality (22) ). To illustrate the validity of these inequalities, we only describe a situation where the generator keeps on in (i.e., ). Both (25) and (26) give and both (27) and (28) give . They are valid because of generation bound constraints (6) and ramping rate constraints (7) and (8) .
Finally, for , and , we have the following inequality holds:
Furthermore, inequality (29) is facet-defining for when if and . The validity of inequality (29) can be partially shown as follows: if the generator starts up at and keeps on until , (29) converts to , which is valid since due to constraints (8) and due to ramp-up constraints (7) .
Note here that there is potential for the above studies to be extended to include four or more degrees. In future research, we will continue exploring them in this direction.
IV. COMPUTATIONAL RESULTS
In this section, we report the computational results for a modified IEEE 118-bus system, based on the one given online at motor.ece.iit.edu/data/SCUC_118, and the power system data studied in [14] and [16] , to show the effectiveness of the proposed strong formulation, respectively. The operational time interval was set at 24 hours (i.e., ). The system spinning reserve amount was set at zero for each time period. The experiments were implemented on a computer with Intel Dual Core 2.60 GHz with 4 GB memory. The time limit was set at one hour per run. CPLEX 12.5 with default settings were used to solve the problems. 
A. Modified IEEE 118-Bus System
The system contains 118 buses, 186 transmission lines, 54 generators, and 91 load buses. To assess the performance of the proposed formulation, we generate 20 instances for the 118-bus system with different loads. Corresponding to each load in the 118-bus system for each instance, we randomly generate a load uniformly distributed in . Thus such random generation process will be conducted for twenty times corresponding to each pair to obtain the 20 instances. For each instance, we compare six approaches: "MILP", "Tight", "Strong", "S1", "S2", and "S3", as shown in Table I , where "MILP" represents the original MILP formulation given in Section III, "Tight" represents the tight MILP formulation described in [14] , i.e., the original MILP formulation given in Section III plus the strong valid inequalities proposed in [14] , "Strong" represents the original MILP formulation in Section III plus our proposed strong valid inequalities, "S1" represents the original MILP formulation plus our proposed One-Degree Inequalities in Section III-A, "S2" represents the original MILP formulation plus our proposed [14] AND [16] Two-Degree Inequalities in Section III-B, and "S3" represents the original MILP formulation plus our proposed Three-Degree Inequalities in Section III-C.
In Table I , we report the problem size of these six approaches. The row labelled "# of cons." indicates the number of constraints for each approach and the row labelled "# of cont. var." shows the number of continuous variables. Note here that all the 20 instances have the same problem size for each particular approach. For "Tight", "Strong", "S1", "S2", and "S3" approaches, we report the problem size of the original formulation plus strong valid inequalities added as constraints.
In Table II , we provide the objective values and the integrality gaps for different approaches. To measure the tightness of different approaches, the integrality gap is defined as , where is the objective value of the LP relaxation problem and is the objective value of the best integer solution that we obtained from these six approaches with CPLEX, i.e., the column labelled "Integer OBJ. ($)". For "Tight", "Strong", "S1", "S2", and "S3" approaches, is obtained by adding strong valid inequalities as constraints in the model. From the integrality gaps, we can observe that the LP relaxation of the "Strong" formulation with our proposed valid inequalities added provides a much better (larger) lower bound than what the "MILP" and "Tight" approaches do. That means, the proposed valid inequalities tighten the original model effectively. Table III shows the computational performance of the branchand-cut algorithms corresponding to different approaches. We add the strong valid inequalities in "Tight", "Strong", "S1", "S2", and "S3" approaches as user cuts. That is, CPLEX solves the original model in Section III initially (i.e., the "MILP" formulation) and iteratively adds the strong valid inequalities when they are violated at the root node or branch-and-bound nodes, until the optimality tolerance is reached. The column labelled "CPU Time (s)" indicates how much time CPLEX takes to solve the problem. For the case in which CPLEX cannot solve the problem to optimality (e.g., reach the 0.01% default optimality gap) within one hour time limit, we indicate it by the label "***" and accordingly report the terminating gap, labelled "Terminating Gap ", which is the relative gap between the objective value corresponding to the best integer solution and the best lower bound when CPLEX stops when the time limit is reached. The column labelled "# of Nodes" represents how many branch-and-bound nodes are explored before reaching the optimality or time limit. The column labelled "# of User Cuts" represents the number of user cuts added in "Tight", "Strong", "S1", "S2", and "S3" approaches. We can observe that the proposed "Strong" formulation reduces the computational times and the number of nodes dramatically, as compared to what the "MILP" and "Tight" approach do, which verifies the effectiveness of our proposed solution approach. In addition, the "Strong" approach adds more user cuts than the "Tight" approach for each instance. [14] and [16] To further validate the effectiveness of our proposed formulation, we use the power system data based on [14] and [16] , as shown in Table IV . There are eight types of generators and twenty problem instances with each instance having different combinations of each type of generators. We use the same instances as shown in [14, Table V ] and the same load data setting in [14, Table VI] . For each instance, we compare four formulations, i.e., "MILP", "Tight", "TC", and "Strong", for the gas turbine unit commitment problem as shown in Tables V and VI, where "MILP" represents the original MILP formulation given in Section III, "Tight" represents the tight MILP formulation in [14] with the strong valid inequalities added as constraints, "TC" represents the tight and compact formulation in [16] , and "Strong" represents the original MILP formulation with our proposed strong valid inequalities added as constraints.
B. Power System Data Based on
In Table V , we report the problem size of selected instances. Labels are similar as those described in Table I . Since all the formulations use the same types of binary variables and continuous variables, we do not report the number of these variables for each specific formulation.
Finally, in Table VI , the computational results are provided. The best objective value of each instance is reported in the column labelled "Integer OBJ. ($)", which is obtained as the best one among all these four approaches. The results of integrality gap, as defined in Section V.A, are provided in the columns labelled "Integrality Gap (%)". We can observe that the formulation with our proposed strong valid inequalities added has much better performance on strengthening the LP relaxation of the original formulation. The time used by CPLEX to reach the default optimality gap (0.01 %) is reported in the columns labelled "CPU Time (s)", where "***" means CPLEX cannot reach the default optimality gap within one hour time limit. In the columns labelled "Terminating Gap " we report the terminating gaps that the CPLEX outputs when the time limit is reached. The "Strong" approach provides the smallest terminating gap for almost every instance. In the columns labelled "Solved to 0.05% (s)" we report the time used by CPLEX to reach the optimality gap 0.05%. Note here that "***" means CPLEX cannot solve the problem to 0.05% within one hour time limit. In the last four columns, we report the number of branch-and-bound nodes that CPLEX explored. All of these verify the effectiveness of our proposed formulation.
V. CONCLUSION
In this paper, we proposed a strengthened MILP formulation for a specific type of, while popular, gas turbine unit commitment problems. Several families of strong valid inequalities were presented. Each valid inequality enforces the power outputs of one generator in different time periods by incorporating binary variables indicating on/off status and start-up decision. The effects of physical constraints, such as generation upper/lower bounds, ramping rate limits, and minimum up/down time restrictions, were considered together to generate strong valid inequalities. Finally, our computational results verified that the computational times can be reduced significantly. That is, the MILP formulation for this type of gas turbine unit commitment problems can be customized and strengthened more by adding the proposed strong valid inequalities, comparing the performance with different commercial optimization solvers and related formulations. This indicates that it is worthwhile exploring customized mathematical formulations for each type of unit commitment problems in future research.
